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A B S T R A C T
Multi-axle Swerve-drive Autonomous Mobile Robots (MS-AGVs) equipped with independently
steerable wheels are commonly used for high-payload transportation. In this work, we present a
novel model predictive control (MPC) method for MS-AGV trajectory tracking that takes tire wear
minimization consideration in the objective function. To speed up the problem solving process, we
propose a hierarchical controller design and simplify the dynamic model by integrating the magic
formula tire model and simplified tire wear model. In the experiment, the proposed method can be
solved by simulated annealing in real-time on a normal personal computer and by incorporating
tire wear into the objective function, tire wear is reduced by 19.19% while maintaining the tracking
accuracy in curve-tracking experiments. In the more challenging scene: the desired trajectory is offset
by 60 degrees from the vehicle’s heading, the reduction in tire wear increased to 65.20% compared to
the kinematic model without considering the tire wear optimization.

1. Introduction
Multi-axle Swerve-drive Autonomous Guided Vehicle

(MS-AGV) is a type of heavy-duty vehicle equipped with
multiple independently controlled steering wheels. This de-
sign provides MS-AGVs with a unique combination of high
load capacity and exceptional maneuverability, making them
highly suitable for complex industrial environments, such as
automated warehouses and port logistics [1–5]. However, ef-
fectively controlling MS-AGVs presents several challenges.
These include achieving accurate kino-dynamic modeling,
ensuring precise trajectory tracking [6], and optimizing
speed for operational efficiency [7]. Furthermore, practi-
cal concerns such as minimizing tire wear, which directly
impacts maintenance costs, add complexity to the problem
[8]. Despite significant advancements, no existing solution
comprehensively addresses these issues in an integrated
manner, leaving a critical gap in MS-AGV planning and
control strategies.

Over the past several years, researchers have dedicated
substantial effort to developing advanced control strategies
to address the trajectory tracking problem in MS-AGV sys-
tems [9]. The core technical difficulty lies in managing the
steering wheels, as the increased number of state variables
[10] and the dynamic complexity of the system make it chal-
lenging to predict and control [11] its behavior effectively.
To simplify the overall system based on kinematics, methods
such as Ackerman Steering [12, 13], Active Front and Rear
Steering (AFRS) [14], and Front Wheel Steering (FWS)
[15] have been proposed. With the assumption that the
steering centers are restricted along the first, last, or middle
axles, these methods can use fewer states to describe MS-
AGV while limiting its maneuverability. In contrast, rotation
center distance-based steering models (D-based) [16–18]
allow for a more flexible distribution of the steering center,
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Each heavy-duty tire costs
thousands of dollars and wears
out easily when unchecked.

Figure 1: Motivation of the Proposed MS-AGV planning
solution.

enhancing steering performance. However, transitioning be-
tween different steering modes based on road conditions still
introduces transient disturbances.

Furthermore, to improve the understanding of the behav-
ior of MS-AGV during locomotion, various dynamic models
with different degrees of freedom have been studied [19–
23]. In tire dynamics modeling, some studies rely on small
slip assumptions, approximating the relationship between
longitudinal/lateral forces and slip ratio/slip angle as linear.
This simplification may result in inadequate model represen-
tation under high-slip conditions. While a dynamic model
presented by Li et al. [24] defines the vehicle’s steering
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center as the intersection point of perpendicular lines to
each wheel’s longitudinal axis, determined solely by steering
angles, it does not account for slip angles. As a result, the
actual velocity direction of each wheel deviates from its lon-
gitudinal axis. A more accurate representation of the steering
center should consider the intersection of perpendicular lines
aligned with the actual velocity vectors of the wheels, which
are influenced by both steering and slip angles.

Despite the significant costs associated with tire main-
tenance and replacement, existing studies on MS-AGV tra-
jectory tracking have largely overlooked tire wear reduc-
tion. Existing research focuses predominantly on multi-axle
tractor trailers [25–30], offering insights that are not directly
applicable to MS-AGV systems due to differences in struc-
ture, operation, and control dynamics. Most of these studies
emphasize tire wear estimation [25–27], optimization mod-
els designed specifically for semi-trailers [28], and braking
strategies to reduce tire wear [29]. In addition, hierarchical
coordinated control approaches [30] attempt to minimize
tire wear through isolated optimization processes at different
levels. However, such methods often fall short in achieving
globally optimal control strategies due to their fragmented
and independently managed objectives, highlighting a per-
sistent bias toward localized optimization rather than a
comprehensive, system-wide approach.

To enhance the operational durability of MS-AGV and
reduce tire degradation, we propose a novel tire wear-aware
trajectory tracking control method. The main contributions
of the paper are summarized as follows:

• We introduce the Magic Formula Tire Model at the ve-
locity level, effectively simplifying the representation
of tire wear in the context of MS-AGV, avoiding the
complexity of direct torque-level modeling in a high-
dimensional state and control space.

• We formulate a Model Predictive Control (MPC)-
based trajectory tracking controller to incorporate tire
wear into consideration. Our proposed control reduces
the state vector size by one-third by focusing on
steering velocity and wheel speed as control signals,
delegating velocity control to a lower-level controller.

• We validate the proposed approach through compre-
hensive simulations, demonstrating significant reduc-
tions in tire wear while preserving control perfor-
mance.

The rest of the paper is organized as follows: Section 2
provides a detailed dynamics analysis, simplifies the MS-
AGV model, and states the problem under study. Section 3
followed by the detailed controller design. In Section 4, we
validate the proposed method by comparing the performance
with previous works and provide a comprehensive perfor-
mance analysis. Section 5 concludes the paper.

F
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Figure 2: Diagram of MS-AGV Coordinate System

2. MS-AGV Dynamics and Problem
Statement

2.1. Preliminary
As shown in Fig 2, MS-AGV’s locomotion can

be described by using the global coordinate system
G = {𝑂G, 𝑥⃗G, 𝑦G, 𝑧G}, the body coordinate system B =
{𝑂B, 𝑥⃗B, 𝑦B, 𝑧B} and the 𝑖𝑗-th wheel coordinate system W𝑖𝑗 =
{𝑂W𝑖𝑗 , 𝑥⃗W𝑖𝑗 , 𝑦W𝑖𝑗 , 𝑧W𝑖𝑗}, where 𝑂, 𝑥, 𝑦, 𝑧 represent the origin
and the basis vectors and the subscripts (⋅)G, (⋅)B, (⋅)W𝑖𝑗 in-
dicate the coordinate frame. The term 𝑖𝑗-th wheel refers to
a specific wheel identified by its position indices 𝑖 and 𝑗.
Here, 𝑖 indicates the position of the wheel along the 𝑥⃗B axis,
where 𝑖 ∈ [1, 𝑛] (with 𝑛 being the total number of axles of
the vehicle), and 𝑗 specifies the position of the wheel along
the 𝑦B axis, distinguishing between the left and right wheels,
where 𝑗 ∈ {1, 2}.

The body coordinate system B is defined with its origin
located at the center of mass of the vehicle. The 𝑥⃗B and
𝑦B axes are aligned with the vehicle’s longitudinal and lat-
eral directions, respectively. Similarly, the wheel coordinate
system W𝑖𝑗 for the 𝑖𝑗-th wheel is defined with its origin at
the center of mass of the wheel. The 𝑥⃗W𝑖𝑗 and 𝑦W𝑖𝑗 axes are
aligned with the longitudinal and lateral directions of the
wheel, respectively. The 𝜑G ∈ ℝ denotes the angle between
the 𝑥⃗G axis and the 𝑥⃗B axis.

To mathematically describe the orientation relationships
between these frames, we define the rotation matrices of the
𝑖𝑗-th wheel frame in the vehicle frame and the vehicle frame
in the global frame as B

W
𝑅𝑖𝑗 , GB𝑅 ∈ 𝑆𝑂(2). These matrices

can be expressed as B
W
𝑅𝑖𝑗 = 𝑅𝑧(𝛿𝑖𝑗) and G

B
𝑅 = 𝑅𝑧(𝜑G), where

𝛿𝑖𝑗 ∈ ℝ denotes both the yaw angle of W𝑖𝑗 and the steering
angle of the 𝑖𝑗-th wheel, while 𝜑G ∈ ℝ represents both the
yaw angle of B and the vehicle heading angle. With these
notations, the rotation matrix 𝑅𝑧(⋅) can now be explicitly
defined to represent the transformations along the respective
𝑧G, 𝑧B and 𝑧W𝑖𝑗 axes, as follows:

𝑅𝑧(𝜓) =
[

cos𝜓 − sin𝜓
sin𝜓 cos𝜓

]

. (1)
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Figure 3: Diagram of MS-AGV Tire Dynamic Model

Since MS-AGV is commonly employed in indoor en-
vironments such as laboratories and factory workshops, as
well as outdoor settings like ports, stations, and logistics
centers, where the ground is typically well-paved and flat. In
this work, we focus on designing a controller for MS-AGV’s
planar motion on flat terrain, with the assumption that the
vehicle’s pitch angle and roll angle are maintained at 0,
ensuring consistent ground contact. Therefore, the following
assumption has to be made for a feasible solution.
Assumption 1. The vehicle operates on flat terrain with
continuous ground contact, which means that the vehicle’s
pitch angle and roll angle are maintained at 0, constraining
the motion to the horizontal plane.

2.2. Dynamics of the whole system
Consider the Assumption 1 and the MS-AGV shown in

Fig 2 and Fig 3, the vehicle has the following relationships
as follows:

[

𝑥̈G
𝑦̈G

]

= 𝑅𝑧(𝜑G)
[

𝑥̈B
𝑦̈B

]

, (2)

𝜑̈G = 𝜑̈B, (3)
where the angular acceleration 𝜑̈G is the same in both the
global and body coordinate systems.

The longitudinal and lateral forces on tires have the
following relationships:

[ 𝑥
𝐵𝐹𝑖𝑗
𝑦
𝐵𝐹𝑖𝑗

]

= 𝑅𝑧(𝛿𝑖𝑗)

[ 𝑥
𝑊 𝐹𝑖𝑗
𝑦
𝑊 𝐹𝑖𝑗

]

, (4)

where 𝑥
𝐵𝐹𝑖𝑗 ∈ ℝ and 𝑦

𝐵𝐹𝑖𝑗 ∈ ℝ are the longitudinal and
lateral forces in the body coordinate system B, respectively.
Similarly, the longitudinal and lateral forces in the 𝑖𝑗-th
wheel coordinate system W𝑖𝑗 are represented by 𝑥

𝑊 𝐹𝑖𝑗 and
𝑦
𝑊 𝐹𝑖𝑗 , respectively. Based on mechanical analysis, the equa-
tions of motion for the vehicle are given by:

⎡

⎢

⎢

⎣

𝑚𝑥̈B
𝑚𝑦̈B
𝐼𝑣𝑧𝜑̈B

⎤

⎥

⎥

⎦

=
𝑛
∑

𝑖=1

2
∑

𝑗=1

⎡

⎢

⎢

⎢

⎣

𝑥
𝐵𝐹𝑖𝑗
𝑦
𝐵𝐹𝑖𝑗

𝑥𝑤𝑖 ⋅
𝑦
𝐵𝐹𝑖𝑗 − 𝑦𝑤𝑗 ⋅

𝑥
𝐵𝐹𝑖𝑗

⎤

⎥

⎥

⎥

⎦

, (5)

where the position of 𝑖𝑗-th wheel in the body coordinate
system B is (𝑥𝑤𝑖, 𝑦𝑤𝑗); 𝑚 ∈ ℝ+ is the vehicle mass; 𝐼𝑣𝑧 ∈
ℝ+ is the vehicle moment of inertia around the 𝑧B axis.

2.3. Problem Statement
Unlike Ackerman steering vehicles and semi-trailers, the

MS-AGV (Multi-axis Steerable Autonomous Mobile Robot)
offers superior maneuverability due to its ability to indepen-
dently control the steering angle and speed of each wheel.
However, this capability also presents significant challenges
in control. Improper coordination of wheel steering angles
and speeds can lead to excessive tire wear, increasing the
operational cost of the MS-AGV and introducing potential
safety risks. Therefore, optimizing tire wear in the trajectory
tracking for MS-AGV is of critical importance.

Given the multi-axis characteristics of MS-AGV, our
approach focuses on two key aspects. First, due to the large
state space and control vector dimensionality of MS-AGV,
directly incorporating tire wear into the torque-level control
would result in a highly complex system. To address this,
we introduce the Magic Formula Tire Model to represent
tire wear at the velocity level, simplifying the modeling
process. Second, based on this simplified model, we propose
a tire wear-aware trajectory tracking controller using Model
Predictive Control (MPC). In this formulation, the control
signals are the steering velocity and wheel speed of each
axis, reducing the state vector size by one-third. The velocity
control signals will be handled by the lower level controller.
The simplified model and the proposed method will be
detailed in the next section.

3. Tire wear model and Controller Design
3.1. Dynamics of Tire

The vehicle velocity is defined as [𝑥̇B, 𝑦̇B, 𝜑̇B], which is
projected to the 𝑖𝑗-th tire location (𝑥𝑤𝑖, 𝑦𝑤𝑗) as 𝐵𝑣𝑖𝑗 . The
velocity components in the 𝑥⃗B and 𝑦B directions are denoted
as 𝑥

𝐵𝑣𝑖𝑗 and 𝑦
𝐵𝑣𝑖𝑗 , are respectively given by:

𝑥
𝐵𝑣𝑖𝑗 = 𝑥̇B − 𝜑̇B𝑦𝑤𝑗 , (6)

𝑦
𝐵𝑣𝑖𝑗 = 𝑦̇B + 𝜑̇B𝑥𝑤𝑖. (7)

In the 𝑖𝑗-th wheel coordinate system W𝑖𝑗 , the velocity
components are transformed by:

[ 𝑥
𝐵𝑣𝑖𝑗
𝑦
𝐵𝑣𝑖𝑗

]

= 𝐑(𝛿𝑖𝑗)
[ 𝑥
𝑊 𝑣𝑖𝑗
𝑦
𝑊 𝑣𝑖𝑗

]

, (8)

where 𝑥
𝑊 𝑣𝑖𝑗 and 𝑦

𝑊 𝑣𝑖𝑗 are the velocity components in the
wheel coordinate system W.

The relationship between each wheel’s slip angle[31],
𝛼𝑖𝑗 ∈ ℝ, and the steering angles 𝛿𝑖𝑗 is given as follows:

𝛼𝑖𝑗 = 𝛿𝑖𝑗 − arctan
𝑦
𝐵𝑣𝑖𝑗
𝑥
𝐵𝑣𝑖𝑗

. (9)

The relationship between 𝑖𝑗-th wheel’s slip ratio 𝑠𝑖𝑗 ∈ ℝ,
and the angular velocity 𝑤𝜔𝑖𝑗 ∈ ℝ is given as follows:

𝑠𝑖𝑗 =
𝑤𝜔𝑖𝑗 ⋅ 𝑟𝑤 − 𝑥

𝑊 𝑣𝑖𝑗
|

|

|

𝑥
𝑊 𝑣𝑖𝑗

|

|

|

, (10)
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Figure 4: Schematic diagram of tire Wear model

where 𝑟𝑤 is the wheel radius. Based on the Pacejka Magic
Formula tire model[32], the tire longitudinal force 𝑥

𝑊 𝐹𝑖𝑗 is
related to 𝑠𝑖𝑗 , and the tire lateral force 𝑦

𝑊 𝐹𝑖𝑗 is related to 𝛼𝑖𝑗 .The longitudinal and lateral force can be defied as:
𝑥
𝑊 𝐹𝑖𝑗 = 𝑓 (𝑠𝑖𝑗), (11)

𝑦
𝑊 𝐹𝑖𝑗 = 𝑓 (𝛼𝑖𝑗), (12)

where empirical model 𝑓 (⋅) is given by:

𝑓 (𝜉) = 𝐷 sin
(

𝐶 arctan
(

𝐵𝜉 − 𝐸
(

𝐵𝜉 − arctan(𝐵𝜉)
)

))

.

In the empirical model 𝑓 (⋅), the parameter 𝜉 representing
the slip ratio 𝑠𝑖𝑗 or the slip angle 𝛼𝑖𝑗 , is used in conjunction
with the following coefficients: the stiffness factor 𝐵 ∈ ℝ,
the shape factor 𝐶 ∈ ℝ, the peak factor 𝐷 ∈ ℝ, and the
curvature factor 𝐸 ∈ ℝ.
3.2. Tire Wear Model Approximation

As shown in Fig 4, Fig 4(a), Fig 4(b) and Fig 4(c) rep-
resent the tire wear models for the slip ratio, the slip angle,
and the steering, respectively. Following the simplified tire
wear model proposed by Da Silva et al.[33], we formulate
the power losses associated with these wear mechanisms.

For the slip ratio, its wear power is defined as:
𝑃𝑠𝑖𝑗 =

|

|

|

𝑥
𝑊 𝐹𝑖𝑗 ⋅ (𝑤𝜔𝑖𝑗 ⋅ 𝑟𝑤 − 𝑥

𝑊 𝑣𝑖𝑗)
|

|

|

. (13)
For the slip angle, its wear power is defined as:
𝑃𝛼𝑖𝑗 =

|

|

|

𝑦
𝑊 𝐹𝑖𝑗 ⋅

𝑦
𝑊 𝑣𝑖𝑗

|

|

|

. (14)
The power loss due to steering is defined as:
𝑃𝑡𝑖𝑗 =

|

|

|

𝑘𝑡 ⋅ 𝐹𝑁𝑖𝑗 ⋅ 𝑠𝜔𝑖𝑗
|

|

|

, (15)
where 𝑘𝑡 is the loss coefficient for steering, 𝑠𝜔𝑖𝑗 is the tire
steering angular velocity, and 𝐹𝑁𝑖𝑗 is the vertical load on
the tire. Since the tire load of heavy vehicles is primarily
influenced by the weight and distribution of the cargo, accel-
eration does not cause significant load changes. Therefore,
the following assumption has to be made for a feasible
solution.

Assumption 2. The load of each tire 𝐹𝑁𝑖𝑗 remains constant
throughout the motion of the vehicle.

With Assumption 2 in mind, we can define the tire wear
power 𝑃𝑡𝑤 ∈ ℝ3×1 by combining equations (13) with (15).
The tire wear power 𝑃𝑡𝑤 can be calculated as:

𝑃𝑡𝑤 =
𝑛
∑

𝑖=1

2
∑

𝑗=1

⎡

⎢

⎢

⎣

𝑃𝑠𝑖𝑗
𝑃𝛼𝑖𝑗
𝑃𝑡𝑖𝑗

⎤

⎥

⎥

⎦

. (16)

3.3. Integrated Dynamic Model
The vehicle acceleration is defined as ̈ = [𝑥̈G, 𝑦̈G, 𝜑̈G]𝑇 .

From Equations (1) to (5) and Assumption 1, we can express
the vehicle’s acceleration in the global coordinate system G

as follows:

̈ =
𝑛
∑

𝑖=1

2
∑

𝑗=1

⎡

⎢

⎢

⎣

𝐑(𝜑G)
𝑚

−𝑦𝑤𝑗
𝐼𝑣𝑧

𝑥𝑤𝑖
𝐼𝑣𝑧

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
3×2

𝐑(𝛿𝑖𝑗)
[ 𝑥
𝑊 𝐹𝑖𝑗
𝑦
𝑊 𝐹𝑖𝑗

]

. (17)

Substituting equations (11) and (12) into (17), the vehicle
acceleration can be described as a nonlinear function as:

̈ = 𝑔(𝜑G, 𝛿𝑖𝑗 , 𝑠𝑖𝑗 , 𝛼𝑖𝑗), (18)
where

𝑔(⋅) =
𝑛
∑

𝑖=1

2
∑

𝑗=1

⎡

⎢

⎢

⎣

𝐑(𝜑G)
𝑚

−𝑦𝑤𝑗
𝐼𝑣𝑧

𝑥𝑤𝑖
𝐼𝑣𝑧

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
3×2

𝐑(𝛿𝑖𝑗)
[

𝑓 (𝑠𝑖𝑗)

𝑓 (𝛼𝑖𝑗)

]

.

3.4. Model Discretization
As shown in Fig 5, the system includes an Angular

Velocity Tracker, which enables us to design a controller
that maps the angular velocities 𝑤𝜔𝑖𝑗 and 𝑠𝜔𝑖𝑗 to the global
position of the vehicle. Specifically, the steering angular
velocity 𝑠𝜔𝑖𝑗 is used to control the steering angle 𝛿𝑖𝑗 . Fur-
thermore, vehicle position is defined as  = [𝑥G, 𝑦G, 𝜑G]𝑇 .
To implement this control scheme in a discrete-time system,
the forward Euler method is applied for discretization with
a time step of 𝑇 ∈ ℝ. Defined the vehicle velocity as
̇ = [𝑥̇G, 𝑦̇G, 𝜑̇G]𝑇 , the resulting discretized state transition
equation is derived as:

𝛿𝑖𝑗(𝑘 + 1) = 𝛿𝑖𝑗(𝑘) + 𝑇 𝑠𝜔𝑖𝑗(𝑘), (19)

̇(𝑘 + 1) = ̇(𝑘) + 𝑇 ̈(𝑘), (20)

(𝑘 + 1) = (𝑘) + 𝑇 ̇(𝑘). (21)
Remark 1. Equation (18) is nonlinear and does not require
discretization, as ̈(𝑘) can be obtained directly by reformu-
lating it into the following form:

̈(𝑘) = 𝑔(𝜑G(𝑘), 𝛿𝑖𝑗(𝑘), 𝑠𝑖𝑗(𝑘), 𝛼𝑖𝑗(𝑘)),

where all parameters can be obtained from the previous state
(𝑘) and ̇(𝑘).
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Figure 5: Controller Structure

3.5. Model Predictive Controller
The single step control vector 𝑢 at time 𝑘 is defined as:
𝑢(𝑘) = [𝑤𝜔11,… ,𝑤𝜔𝑛2, 𝑠𝜔11,… , 𝑠𝜔𝑛2]

𝑇 , 𝑢 ∈ ℝ4𝑛×1.

The sequences of the state vector 𝑌 ∈ ℝ3𝑁𝑝×1 in Equation
(21), the overall control vector 𝑈 ∈ ℝ4𝑛𝑁𝑐×1, and the tire
wear power vector 𝑃 ∈ ℝ3𝑁𝑝×1 of the system in Equation
(16) can be expressed as follows:

𝑌 = [(𝑘 + 1), (𝑘 + 2), ⋯ , (𝑘 +𝑁𝑝)]𝑇 ,

𝑈 = [𝑢(𝑘), 𝑢(𝑘 + 1), ⋯ , 𝑢(𝑘 +𝑁𝑐 − 1)]𝑇 ,

𝑃 = [𝑃𝑡𝑤(𝑘 + 1), 𝑃𝑡𝑤(𝑘 + 2), ⋯ , 𝑃𝑡𝑤(𝑘 +𝑁𝑝)]𝑇 ,

where 𝑁𝑝 ∈ ℤ+ represents the prediction horizon, and
𝑁𝑐 ∈ ℤ+ represents the control horizon. To ensure that the
vehicle follows the expected trajectory, while minimizing the
power of tire wear, the cost function is defined as:

𝐽 = (𝑌 − 𝑌𝑡)𝑇𝑊𝑌 (𝑌 − 𝑌𝑡) + 𝑃 𝑇𝑡𝑤𝑊𝑃𝑃𝑡𝑤, 𝐽 ∈ ℝ (22)
where 𝑌𝑡 represents the target trajectory sequences; 𝑊𝑌 ∈
ℝ3𝑁𝑝×3𝑁𝑝 and 𝑊𝑃 ∈ ℝ3𝑁𝑝×3𝑁𝑝 are weight matrices, ex-
pressed as follows:

𝑊𝑌 = 𝐸𝑁𝑝
⊗𝑄, (23)

𝑊𝑃 = 𝐸𝑁𝑝
⊗𝐿, (24)

where ⊗ represents the Kronecker product, and 𝐸𝑁𝑝
is 𝑁𝑃 -

dimensional identity matrix. The matrix 𝑄 ∈ ℝ3×3 and
𝐿 ∈ ℝ3×3 are the diagonal matrices, i.e.

𝑄 = diag{𝑄𝑋 , 𝑄𝑌 , 𝑄Φ}, (25)

𝐿 = diag{𝐿𝑠, 𝐿𝛼 , 𝐿𝑡}. (26)
In the above equation, the 𝑄𝑋 ∈ ℝ, 𝑄𝑌 ∈ ℝ and 𝑄Φ ∈ ℝ
are the weight of the error in the 𝑥G, 𝑦G and 𝜑G direction,
respectively; 𝐿𝑠 ∈ ℝ, 𝐿𝛼 ∈ ℝ and 𝐿𝑡 ∈ ℝ are the weight
of the tire wear power caused by slip ratio, slip angle and
steering, respectively.

To ensure vehicle stability, the ranges of 𝑠𝜔𝑖𝑗 ∈ ℝ,
𝑤𝜔𝑖𝑗 ∈ ℝ+ and 𝛿𝑖𝑗 ∈ ℝ must be limited:

𝑠𝜔𝑖𝑗 ∈
(

𝑠𝜔min, 𝑠𝜔max
)

,

𝑤𝜔𝑖𝑗 ∈
(

𝑤𝜔min,𝑤𝜔max
)

,

𝛿𝑖𝑗 ∈
(

𝛿min, 𝛿max
)

,

where 𝑠𝜔min ∈ ℝ− and 𝑠𝜔max ∈ ℝ+ denote the lower and
upper bounds of the steering angular velocity, respectively;
𝑤𝜔min = 0 and 𝑤𝜔max ∈ ℝ+ represent the minimum
and maximum wheel angular velocities; and 𝛿min ∈ ℝ−

and 𝛿max ∈ ℝ+ specify the mechanical constraints on the
steering angle. These bounds are imposed to ensure the
physical feasibility of the vehicle’s motion and to protect the
mechanical components from excessive stress.

In summary, the path tracking problem has now been
transformed into an optimization problem:

min
𝑈

𝐽 = (𝑌 − 𝑌𝑡)𝑇𝑊𝑌 (𝑌 − 𝑌𝑡) + 𝑃 𝑇𝑡𝑤𝑊𝑃𝑃𝑡𝑤

s.t.

⎧

⎪

⎪

⎨

⎪

⎪

⎩

̈ = 𝑔(𝜑G, 𝛿𝑖𝑗 , 𝑠𝑖𝑗 , 𝛼𝑖𝑗),

𝑠𝜔min < 𝑠𝜔𝑖𝑗 < 𝑠𝜔max,

𝑤𝜔min < 𝑤𝜔𝑖𝑗 < 𝑤𝜔max,
𝛿min < 𝛿𝑖𝑗 < 𝛿max.

(27)
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Figure 6: Tire Longitudinal and Lateral Force Characteristics

Since this optimization problem is non-convex, simulated
annealing algorithms can be employed to obtain the global
optimal solution 𝑈∗ [34].

4. Experiment
4.1. Experiment Setup

This work focuses on trajectory tracking for MS-AGV.
The mechanical model is established using the Pacejka
Magic Formula tire model. However, due to experimental
condition limitations, we constructed a two-axle Swerve-
Drive Vehicle and utilized MATLAB simulations to ver-
ify the performance. To ensure high simulation accuracy,
MATLAB’s ODE45 variable-step Runge-Kutta method was
employed for numerical integration of the vehicle dynamics.
The vehicle has a length of 7 meters and width of 3 meters,
with wheel positions distributed at 𝑥𝑤𝑖 ∈ {3,−3} and
𝑦𝑤𝑗 ∈ {1,−1}. The vehicle moment of inertia around the
𝑧B is 𝐼𝑣𝑧 = 80000 kg·m2. The tire radius of 0.5 meters
and the longitudinal and lateral force characteristics of the
tire are shown in Fig 6. The trajectory tracking control
is implemented using a Model Predictive Control (MPC)
framework with simulated annealing optimization. To evalu-
ate the effectiveness of different modeling approaches within
this framework, we compare the following vehicle models:

• Kinematic Model (Kinematic): A kinematic model-
ing approach for MS-AGV [16] that considers only
geometric relationships without accounting for tire
slip or wear effects.

• Dynamic Model by Heng Du’s Method (DH): A
vehicle dynamic model proposed by Du et al. [30]
that incorporates the Dugoff tire model for tire-road
interaction calculations.

• Dynamic Model by Congteng Tang’s Method (TCT):
A vehicle dynamic model developed by Tang et
al. [35] that focuses on lateral (𝑦B) and yaw (𝜑G)dynamics for computational efficiency.

• Proposed Dynamic Model Neglecting Tire Wear Op-
timization (NTWO): Our proposed vehicle dynamic
model using the Pacejka Magic Formula tire model,
with the tire wear weight matrix 𝑊𝑃 set to zero to
focus purely on tracking performance.

• Proposed Dynamic Model with Tire Wear Optimiza-
tion (TWO): Our proposed vehicle model incorporat-
ing both vehicle dynamics and tire wear optimization
through appropriate weighting in 𝑊𝑃 to achieve a
balance between tracking accuracy and tire longevity.

4.2. Evaluation Metric
The evaluation metrics for our work are listed as follows:
• Tire Wear Work Due to Slip Ratio 𝑊𝑠 ∈ ℝ:

The total tire wear work attributed to the slip ratio is
defined as:

𝑊𝑠 =
𝑁
∑

𝑛=1
𝑃𝑠𝑛 ⋅ 𝑇 , (28)

where 𝑃𝑠𝑛 ∈ ℝ is the 𝑛-th step tire wear power due
to slip ratio, 𝑇 is the control period, and N is the total
number of control steps.

• Tire Wear Work Due to Slip Angle 𝑊𝛼 ∈ ℝ: The
total tire wear work attributed to the slip angle is
defined as:

𝑊𝛼 =
𝑁𝑝
∑

𝑛=1
𝑃𝛼𝑛 ⋅ 𝑇 , (29)

where 𝑃𝛼𝑛 ∈ ℝ is the 𝑛-th step tire wear power due to
slip angle.

• Tire Wear Work Due to Steering 𝑊𝑡: The total tire
wear work attributed to the steering is defined as:

𝑊𝑡 =
𝑁𝑝
∑

𝑛=1
𝑃𝑡𝑛 ⋅ 𝑇 , (30)

where 𝑃𝑡𝑤𝑛 ∈ ℝ is the n-th step tire wear power due
to steering.

• Total Tire Wear Work 𝑊𝑡𝑤 ∈ ℝ: The sum of work
done by wear caused by slip angle, slip ratio, and
steering, defined as follows:

𝑊𝑡𝑤 = 𝑊𝑠 +𝑊𝛼 +𝑊𝑡, (31)

• RMSE in each Direction 𝑒𝑥 ∈ ℝ, 𝑒𝑦 ∈ ℝ, 𝑒𝜑 ∈
ℝ: Root mean square errors in X, Y, and heading
directions, respectively.

• Average RMSE 𝑒 ∈ ℝ: The arithmetic mean of 𝑒𝑥,
𝑒𝑦 and 𝑒𝜑, defined as follows:

𝑒 =
𝑒𝑥 + 𝑒𝑦 + 𝑒𝜑

3
, (32)
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Table 1
Comparison of Metrics in Case 1. Best result are in bold, second best are underlined.

Method Ω 𝑊𝑡𝑤 (𝐽) 𝑊𝛼 (𝐽) 𝑊𝑠 (𝐽) 𝑊𝑡 (𝐽) 𝑒 𝑒𝑥 (𝑐𝑚) 𝑒𝑦 (𝑐𝑚) 𝑒𝜑 (°)

35
km

/h

Kinematic[16] 3.73 × 105 3.16 × 108 8.98 × 107 1.45 × 108 8.04 × 107 440.77 906.76 354.23 61.31

DH[30] 4.81 × 104 1.07 × 109 3.01 × 108 7.56 × 108 7.97 × 106 48.74 55.50 50.86 39.85

TCT[35] 6.82 × 104 2.20 × 109 2.68 × 108 1.93 × 109 7.79 × 106 42.40 43.26 55.40 28.54

NTWO (Our) 3.79 × 104 9.12 × 108 2.12 × 108 6.92 × 108 7.51 × 106 9.60 12.10 8.68 8.03

TWO (Our) 3.63 × 104 7.37 × 108 2.27 × 108 5.03 × 108 7.59 × 106 18.44 9.58 27.51 18.23

25
km

/h

Kinematic[16] 3.31 × 105 5.82 × 108 1.38 × 108 2.36 × 108 2.08 × 108 290.47 568.62 245.02 57.79

DH[30] 5.38 × 104 1.96 × 109 4.35 × 108 1.51 × 109 1.57 × 107 7.20 10.36 7.75 3.49

TCT[35] 4.44 × 104 1.18 × 109 4.61 × 108 7.02 × 108 1.54 × 107 13.89 26.31 14.01 1.36

NTWO (Our) 3.98 × 104 1.53 × 109 2.00 × 108 1.32 × 109 1.53 × 107 1.22 1.66 1.26 0.74

TWO (Our) 3.46 × 104 1.01 × 109 1.76 × 108 8.19 × 108 1.49 × 107 2.52 3.04 2.27 2.25

15
km

/h

Kinematic[16] 4.03 × 105 1.69 × 109 3.04 × 108 6.32 × 108 7.56 × 108 95.74 156.65 90.96 39.62

DH[30] 9.06 × 104 5.47 × 109 8.21 × 108 4.60 × 109 4.25 × 107 7.68 10.26 9.21 3.55

TCT[35] 1.24 × 105 9.04 × 109 5.48 × 108 8.45 × 109 4.22 × 107 14.05 26.57 14.39 1.18

NTWO (Our) 7.04 × 104 5.45 × 109 8.46 × 108 4.56 × 109 4.28 × 107 0.62 0.62 0.68 0.57

TWO (Our) 5.33 × 104 2.42 × 109 3.64 × 108 2.02 × 109 4.10 × 107 2.24 2.63 1.97 2.11

5
km

/h

Kinematic[16] 9.83 × 105 1.76 × 1010 1.66 × 109 3.76 × 109 1.22 × 1010 54.92 90.11 51.97 22.70

DH[30] 3.05 × 105 5.12 × 1010 2.58 × 109 4.83 × 1010 3.82 × 108 20.03 31.57 17.23 11.30

TCT[35] 9.98 × 106 8.30 × 1011 1.91 × 109 8.28 × 1011 3.78 × 108 120.01 224.44 116.25 19.33

NTWO (Our) 2.43 × 105 4.86 × 1010 2.87 × 109 4.56 × 1010 1.87 × 108 2.59 3.41 2.90 1.46

TWO (Our) 2.00 × 105 3.17 × 1010 2.66 × 109 2.88 × 1010 1.88 × 108 3.25 2.81 3.00 3.94

Proposed TWO 
• Track better
• Less worn-out 

X-Coordinates (m)

Y-Coordinates(m)

Simulating
real world delivery 
cases with zig zag path

Case 1: Winding Road

Figure 7: Trajectory Comparison in Case 1

• Performance Balance Index Ω ∈ ℝ: A comprehen-
sive evaluation metric that characterizes the trade-off
between tire wear work and tracking accuracy, defined
as follows:

Ω =

{

(𝑊𝑡𝑤)0.5 ⋅ (𝑒)0.1, if 𝑒 < 50,
(𝑊𝑡𝑤)0.5 ⋅ (𝑒)0.5, if 𝑒 ≥ 50.

, (33)

The kinematic model ignores slip characteristics, 
causing delays in corrective actions.

Proposed Model Tracks better
in frequent directional changes

Figure 8: Trajectory Comparison with Time in Case 1
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Proposed TWO consistently
• Track better
• Less worn-out 
In all speed conditions
On winding road conditions

Figure 9: Performance Balance Comparison in Case 1

4.3. Results and Discussion
4.3.1. Case 1

In this case study, a curved path emulating winding road
conditions is implemented to analyze trajectory tracking
performance, with a gross vehicle weight of 12 t, operating
speeds of 5-35 km/h, and a control period of T = 0.01 s. The
comparison of trajectory tracking performance is illustrated
in Fig 7, Fig 8 and Fig 9, while the accumulated tire wear
measurements are summarized in Table 1. The tire wear
works were evaluated numerically using Equations (28) to
(31). The results demonstrate that the NTWO achieves the
minimum trajectory tracking error. When tire wear optimiza-
tion (TWO) is incorporated, tire wear is reduced across all
speeds, albeit with a slight increase in tracking error. For
instance, at 35 km/h, the total tire wear work 𝑊𝑡𝑤 decreases
from 9.12 × 108 J to 7.37 × 108 J, representing a 19.19%
reduction. While the Average RMSE 𝑒 increases from 9.60
to 18.44, this value remains well within acceptable limits.
Additionally, the Performance Balance Index Ω shows a
corresponding decrease. This comparison validates that the
TWO effectively reduces tire wear work while maintaining
acceptable tracking accuracy with moderate performance
trade-offs.

In contrast, the Kinematic Method shows substantial
tracking errors, especially in high-speed curved trajectories,
due to its incapability of accounting for the dynamics of the
tire, especially for the slip. This highlights the advantage of
the TWO, which incorporates tire slip characteristics, over
the Kinematic Method in high-speed cornering scenarios.
By incorporating tire slip dynamics, the Kinematic Method
transitions into a Dynamic Model, resembling our Proposed
Method.

However, the tire wear work in the Kinematic Method
is smallest compared to all other Dynamic Methods. This
is because, in the Kinematic Method, the vehicle’s steering
center is defined as the intersection point of the lateral
directions 𝑦W𝑖𝑗 of all wheels as shown in Fig 10. This ensures
that during motion, the individual steering centers of each
wheel align with the overall steering center of the vehicle,
thereby minimizing slip angle and slip ratio to reducing𝑊𝑡𝑤.

𝑶 𝑶

Kinematic Dynamic

Figure 10: Comparison of Steering Center

X-Coordinates (m)

Y-Coordinates(m) 
Case 2: Turn and straight-line tracking

Figure 11: Trajectory Comparison in Case 2

Proposed Model Tracks Angle Better
In a Step Response Tests

Proposed Model Tracks Better
With Less Oscillation and Errors

Turn and Drive
Most Common Task 
For Delivery Robots

Figure 12: Trajectory Comparison with Time in Case 2

In contrast, the steering center in all other Dynamic Methods
is not defined as the intersection of the lateral directions
𝑦W𝑖𝑗 , which results in the wheel directions 𝑥⃗W𝑖𝑗 deviating
from the vehicle’s forward direction 𝐵𝑣𝑖𝑗 , thereby creating
slip angles. While this increases tire wear, the introduction
of slip angles allows for a more accurate representation of
the vehicle’s dynamics, significantly improving trajectory
tracking accuracy. To address this issue, TWO incorporates a
trade-off mechanism between tire wear and trajectory track-
ing accuracy by including an optimization term based on
𝑊𝑡𝑤 during the model optimization process. This integrated
approach effectively balances tire wear and tracking error,
providing a practical solution to increased tire wear.
4.3.2. Case 2

In this case, the gross vehicle weight is set to 12 Tons,
and we conducted experiments using a linear trajectory at 10
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Table 2
Comparison of Metrics in Case 2. Best result are in bold, second best are underlined.

Method Ω 𝑊𝑡𝑤 (𝐽) 𝑊𝛼 (𝐽) 𝑊𝑠 (𝐽) 𝑊𝑡 (𝐽) 𝑒 𝑒𝑥 (𝑐𝑚) 𝑒𝑦 (𝑐𝑚) 𝑒𝜑 (°)

10
km

/h

Kinematic[16] 7.29 × 105 4.77 × 109 2.24 × 108 5.82 × 108 3.96 × 109 111.49 189.59 92.23 52.66

DH[30] 6.39 × 104 1.99 × 109 4.14 × 108 1.55 × 109 2.58 × 107 36.33 20.34 41.09 47.55

TCT[35] 6.44 × 104 1.94 × 109 7.80 × 107 1.86 × 109 4.54 × 106 44.41 57.83 34.26 41.15

NTWO (Our) 5.96 × 104 1.84 × 109 2.44 × 108 1.57 × 109 2.55 × 107 27.09 9.73 27.95 43.60

TWO (Our) 5.71 × 104 1.66 × 109 3.07 × 108 1.33 × 109 2.50 × 107 29.23 12.74 29.36 45.59

km/h with a control period of (T=0.01s). The initial heading
angle was initialized at 60 degrees to evaluate the controller’s
robustness. The resulting trajectory tracking performance is
illustrated in Fig 11 and Fig 12, and the total tire wear results
are presented in Table 2.

The results demonstrate that the cumulative tire wear
work for the TWO is 1.66 × 109 J, representing a 65.20%
reduction compared to the Kinematic Method’s 4.77 × 109
J, and achieving 16.58% and 14.43% reductions compared
to the DH and TCT methods, respectively. Moreover, the
TWO maintains the optimal Performance Balance Index Ω
at 5.71 × 104. This demonstrates the TWO’s adaptability
and superior performance across a wide range of operational
scenarios.
4.3.3. Case 3

In this case, the gross vehicle weight varies from 8 Tons
to 20 Tons. Experiments were conducted using the same
trajectory as in Case 1, at a speed of 30 km/h, with a control
period of (T=0.01s). and the relationship between Load and
𝑙𝑔(Ω) is visualized using B-spline interpolation in Fig 13.

Taking the case with a gross vehicle weight of 12 Tons
as an example, the cumulative tire wear work for the TWO
is 9.33 × 108 J, achieving a 19.77% reduction compared
to NTWO’s 8.80 × 108 J. Although the Average RMSE 𝑒
increases from 4.83 to 11.74, these values remain within
acceptable limits. Furthermore, the Performance Balance In-
dex Ω improves from 3.47×104 to 3.40×104, demonstrating
enhanced overall performance.

The results indicate that while the total tire wear work
𝑊𝑡𝑤 increases with vehicle load, the TWO consistently
demonstrates superior overall performance across all load
conditions.
Remark 2. To ensure a fair comparison between the five
methods (Kinematic, DH, TCT, NTWO, and TWO), the
experimental setup and evaluation metrics were carefully
designed to eliminate bias. Specifically, the vehicle model,
trajectory, initial conditions, and control parameters were
uniformly applied across all methods. Additionally, tire wear
work calculations and trajectory tracking errors were eval-
uated using the same equations and assumptions to ensure
consistency. By maintaining identical conditions for each
method, the results objectively reflect the advantages and
trade-offs of the proposed approaches.

Proposed TWO 
consistently
• Track better
• Less worn-out 
In different load 
conditions

8 (Tons) Less
Deformation

20 (Tons) More
Deformation

Figure 13: Performance Balance Comparison in Case 3

5. Conclusion
This paper proposes a tracking model for Multi-Axle

Swerve-Drive AMRs based on dynamic analysis, incorpo-
rating a tire wear model and tire dynamics model based on
the Pacejka Magic Formula. The problem is formulated as a
optimization problem and solved using simulated annealing
algorithm.

Through Matlab simulations, we compared the Kine-
matic Model (Kinematic), Heng Du’s Dynamic Model (DH),
Congteng Tang’s Dynamic Model (TCT), Proposed Dy-
namic Model With Tire Wear Optimization (TWO) and The
Proposed Dynamic Model Neglecting Tire Wear Optimiza-
tion (NTWO). The results demonstrate that The Proposed
Dynamic Model With Tire Wear Optimization can effec-
tively reduce tire wear while slightly compromising tracking
accuracy.

Furthermore, the TWO demonstrates superior Perfor-
mance Balance Index Ω across various operating conditions,
including speeds from 5-35 km/h and gross vehicle weights
from 8-20 Tons, demonstrating the robust applicability of
our proposed method.

Since the current proposed method assumes uniform
load distribution across all tires, it does not account for load
variations during wheel motion due to acceleration changes.
In future work, we plan to incorporate tire load dynamics
into the model to further improve its accuracy.
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Table 3
Comparison of Metrics in Case 3. Best result are in bold, second best are underlined.

Method Ω 𝑊𝑡𝑤 (𝐽) 𝑊𝛼 (𝐽) 𝑊𝑠 (𝐽) 𝑊𝑡 (𝐽) 𝑒 𝑒𝑥 (𝑐𝑚) 𝑒𝑦 (𝑐𝑚) 𝑒𝜑 (°)

8
T
on

s

Kinematic[16] 3.22 × 105 2.71 × 108 7.28 × 107 1.15 × 108 8.34 × 107 382.21 779.11 307.33 60.19

DH[30] 4.09 × 104 8.97 × 108 2.21 × 108 6.69 × 108 7.12 × 106 22.43 27.36 28.21 11.72

TCT[35] 3.67 × 104 7.57 × 108 2.25 × 108 5.23 × 108 9.06 × 106 17.93 27.47 13.18 13.15

NTWO (Our) 3.47 × 104 8.80 × 108 1.50 × 108 7.21 × 108 8.13 × 106 4.83 4.89 6.07 3.51

TWO (Our) 3.40 × 104 7.06 × 108 1.38 × 108 5.61 × 108 7.02 × 106 11.74 16.29 11.39 7.53

12
T
on

s

Kinematic[16] 3.91 × 105 4.09 × 108 1.06 × 108 1.80 × 108 1.23 × 108 373.11 755.26 304.39 59.69

DH[30] 4.64 × 104 1.32 × 109 2.98 × 108 1.01 × 109 1.08 × 107 11.85 17.48 12.64 5.43

TCT[35] 4.64 × 104 1.27 × 109 8.37 × 108 4.09 × 108 2.88 × 107 13.77 26.29 13.63 1.39

NTWO (Our) 4.01 × 104 1.15 × 109 2.06 × 108 9.39 × 108 9.81 × 106 5.28 6.64 4.43 4.78

TWO (Our) 3.78 × 104 9.33 × 108 1.76 × 108 7.47 × 108 9.66 × 106 8.51 12.84 7.70 4.99

16
T
on

s

Kinematic[16] 4.57 × 105 5.48 × 108 1.38 × 108 2.43 × 108 1.67 × 108 381.61 763.45 320.23 61.13

DH[30] 4.91 × 104 1.67 × 109 3.39 × 108 1.32 × 109 1.44 × 107 6.29 7.40 8.39 3.07

TCT[35] 6.34 × 104 2.35 × 109 3.80 × 108 1.96 × 109 1.37 × 107 14.61 26.65 13.29 3.88

NTWO (Our) 4.08 × 104 1.58 × 109 2.65 × 108 1.30 × 109 1.40 × 107 1.32 1.65 1.49 0.80

TWO (Our) 3.69 × 104 1.04 × 109 2.27 × 108 8.00 × 108 1.39 × 107 3.88 3.93 3.44 4.26

20
T
on

s

Kinematic[16] 5.01 × 105 6.69 × 108 1.67 × 108 2.96 × 108 2.06 × 108 375.87 743.45 322.39 61.77

DH[30] 5.88 × 104 2.35 × 109 5.43 × 108 1.79 × 109 1.79 × 107 6.83 9.28 7.45 3.77

TCT[35] 8.06 × 104 3.79 × 109 5.37 × 108 3.23 × 109 1.69 × 107 14.94 25.98 14.14 4.69

NTWO (Our) 4.57 × 104 2.10 × 109 3.56 × 108 1.72 × 109 1.76 × 107 0.98 1.33 1.05 0.57

TWO (Our) 4.32 × 104 1.33 × 109 3.40 × 108 9.72 × 108 1.79 × 107 5.40 5.63 4.40 6.18
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