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Abstract—Maulti-axle autonomous mobile robots (AMRs) are
set to revolutionize the future of robotics in logistics. As the
backbone of next-generation solutions, these robots face a crit-
ical challenge: managing and minimizing swept volume during
turns while maintaining precise control. Traditional systems
designed for standard vehicles often struggle with the complex
dynamics of multi-axle configurations, leading to inefficiency
and increased safety risk in confined spaces. Our innovative
framework overcomes these limitations by combining swept
volume minimization with Signed Distance Field (SDF) path
planning and model predictive control (MPC) for independent
wheel steering. This approach not only plans paths with an
awareness of the swept volume, but actively minimizes it in
real-time, allowing each axle to follow a precise trajectory
while significantly reducing the space the vehicle occupies. By
predicting future states and adjusting the turning radius of each
wheel, our method enhances both maneuverability and safety,
even in the most constrained environments. Unlike previous
works, our solution goes beyond basic path calculation and
tracking, offering real-time path optimization with minimal
swept volume and efficient individual axle control. To our
knowledge, this is the first comprehensive approach to tackle
these challenges, delivering life-saving improvements in control,
efficiency, and safety for multi-axle AMRs. Furthermore, we will
open-source our work to foster collaboration and enable others
to advance safer and more efficient autonomous systems.

Index Terms—Multi-Axle, AMRs, SDF.

I. INTRODUCTION

Logistics is a vital component of modern society, which
facilitates the flow of goods and services. Although large
multi-axle trucks [1], [2] offer capacity and efficiency, they
face several significant maneuverability challenges [3] in
constrained urban environments.

A critical challenges is the swept volume [4], [5] of
multi-axle vehicles, as the rear axles follow different paths
from the front during turns [6], as shown in Fig. 1. This
increases the risk of entering adjacent lanes, sidewalks, or
obstacles. Current automated driving systems are insufficient
for addressing this problem, as they are primarily designed
for smaller vehicles [7] (i.e., cars) and fail to optimize for
the unique dynamics of multi-axle configurations [1].

The challenge lies in managing the swept volume while
ensuring that each axle follows a safe and efficient path in
real-time [4], [5]. Existing methods for path planning [8]-
[19] and control [20]-[29] typically simplify the vehicle
as a single rigid body [30], which does not account for
the independent control needed for each axle in multi-axle
systems. As a result, these approaches [8]-[29] struggle to
minimize swept volume, especially in complex environments.
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Fig. 1: This work aims to reduce the minimal swept volume and ensure
stable trajectory tracking, enhancing safety in industrial applications.

To address this challenge, we propose a novel approach
that integrates swept volume-aware path planning with model
predictive control (MPC) for Swerve-Drive autonomous mo-
bile robots (AMR) systems. Our method optimizes the tra-
jectory of the vehicle in real-time, minimizing the swept
volume while allowing each wheel to turn independently. By
utilizing MPC, we can predict the future state of the vehicle
and adjust the turning radius of each wheel, ensuring precise
navigation through tight spaces without compromising safety
or efficiency.

This approach not only tackles the limitations of current
systems, but also sets the foundation for safer and more ro-
bust multi-axle AMR operations in real-world environments.
By reducing swept volume and improving control over each
axle, our method paves the way for more reliable autonomous
heavy vehicles, particularly in logistics and industrial appli-
cations.

The main contributions of this work are as follows.

e We propose a unified approach that integrates swept
volume-aware path planning with MPC to optimize
the trajectory and independently control each wheel of
multi-axle AMRs, ensuring precise maneuverability in
constrained environments.

o We propose a method for calculating the steering angles
of each wheel group in multi-axle vehicles based on
velocity vectors, simplifying the vehicle model and
facilitating the use of MPC control.

o We validate the approach, showing significant reduc-
tions in swept volume and improved real-time trajec-
tory tracking using CUDA, enabling more reliable and
efficient autonomous heavy-duty AMR applications.

o« We will open-source our work for the benefit of the
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Fig. 2: The proposed solution uses LiDAR inertial odometry [31] for front-end odometry, with multi-stage back-end planning and MPC to minimize

swept volume iteratively.
community. https://github.com/ccwss-maker/svplan

II. RELATED WORK

In trajectory planning, swept volume detection is critical
for obstacle avoidance of semi-trucks and service AMRs, yet
few works address this issue comprehensively [1], [6], [32]-
[35]. Basic methods, such as [36], rely on GPS for odometry
[37]-[56] and body frame integration, leading to significant
calculation errors. Taubig et al. [57] propose a two-stage
approach, combining broad-phase detection for quick colli-
sion identification [58] with narrow-phase detection [59], [60]
using the GJK algorithm for precise calculations [61]. Al-
though this method balances speed and accuracy, it performs
poorly in complex environments compared to the SDF-based
approach [62]. However, the SDF-based approach [4], [5],
[62] often lacks real-time performance, suffers from heading
tracking issues, and does not integrate traffic rules, which
limits its applicability in more practical scenarios.

For trajectory tracking [63], [64], controlling the steering
angles of each wheel in multi-axle Swerve-Drive AMRs in
real-time is a highly complex task. While dynamic models
with varying degrees of freedom have been studied [65]-[70],
these works often overlook the geometric aspects of steering,
failing to fully utilize the flexibility of multi-axle independent
steering. To address this, models such as Ackerman Steering
[71], [72], Active Front and Rear Steering (AFRS) [73], and
Front Wheel Steering (FWS) [65] have been proposed, but
their steering centers are typically constrained along the first,
last or middle axles, limiting maneuverability. In contrast,
D-based steering models [74]-[76] allow the steering center
to be distributed more flexibly, enhancing steering perfor-
mance. However, transitioning between different steering
modes depending on road conditions still introduces transient
disturbances.

III. PROPOSED SOLUTION
A. Problem Statement

Let £ € R represent the two-dimensional top-view area
of the AMR, assuming the vehicle shape remains con-
stant during motion. The objective of this work is to
minimize the swept volume V = Uy, ;.16L(t)h, where
h € R is the constant height of the vehicle and L(t)
denotes the trajectory. The swept volume is defined as

the three-dimensional volume swept by the vehicle during
its motion. For computational efficiency, we neglect the
vehicle’s lateral tilt. Since h is constant, minimizing V
is equivalent to minimizing the swept area S, which is
the two-dimensional top-view projection of V. This min-
imization is achieved by optimizing the trajectory control
points £ = {(z;,y;,¢;) € SE(2) | j =1,2,...,N —1} and
implementing an MPC controller with control input u =
[Vw,Vy,w]T € R3, where V,, Vy, and w represent the
longitudinal, lateral, and rotational velocities of the AMR,
respectively.

B. Trajectory Planning

As shown in Fig. 2, the trajectory planning process consists
of four steps. First, the A* algorithm is used to generate an
initial feasible path. Then, based on this path, a corresponding
heading sequence is estimated. Together, the path and head-
ing sequence form the initial trajectory, denoted by L£4*(¢).
Subsequently, £4*(¢) is utilized in the first optimization
step to generate an initial smoothed continuous trajectory
£, (t). Finally, £1,(t) is further optimized in the second
optimization step to avoid obstacles and minimize the swept
volume S, resulting in the final continuous trajectory £7,(t).

The superscript in £%(t) and £7,(t) denotes the first
and second optimization steps, respectively, where both tra-
jectories are represented using the minimum control effort
polynomial trajectory class (MINCO) [77]. The MINCO is
designed to optimize a trajectory by minimizing the control
effort while fitting a set of IV discrete path points into N —1
continuous polynomial segments. Each polynomial segment
P;(t) represents a quintic curve and is optimized over time
durations 7. The complete trajectory is represented by:

Ly ={Pjt):[0,T;] = R*|j=1,2,...,N—1},
where each segment P;(t) is described by a quintic polyno-
mial:

Pj(t) = 007]‘ + Cl)jt + CQ,th + ngjtg + C4)jt4 + C5)jt5.

The coefficients C;; € R3 are determined by the con-
trol points of the trajectory ¢ = [q1,¢2,...,qNn-1] €
RW-1x3 and the for each polynomial segment T =
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Ty, T5,. ..,
function:

Tn_1] € RN~1, as defined by the mapping

Ci,j = M(lvjv qu)a

where: i € [0, 5] denotes the index of coefficients in C; ;
for the j-th component.

1) First Optimization: The first optimization is intended
for smoothing of the trajectory by minimizing energy con-
sumption and time consumption of the trajectory while
ensuring that the trajectory follows £4*(¢). The optimization
problem is defined as:

min Wg -
q,T

Jg+Wr-Jr+Wp - Jp, (1)

where Wg, Wy, and Wp are the weights for energy
consumption, time consumption, and trajectory deviation,
respectively, and Jg, Jr, and Jp represent energy loss,
time loss, and trajectory deviation loss. The gradients of Jg
and Jp with respect to C;; and Tj, including 0Jg/0Tj,
0Jg/0C; ;, 0Jr/0T}, and 0Jr/JC; ;, have been rigorously
derived in [5] and will not be revisited in this paper. Jp and

its gradients are shown as follows:

N-1
Jp =Y (Pj— Pa- ;)% )
j=1
aJp
dJp  dJp OP; 9Jp
DI i . VA 4
or; — oP; 9T;  OP; Vi @

Here, P4~ ; represents the initial trajectory points in £4*(t),
and V; = [Vx, Vy,w]T is the velocity matrix at the corre-
sponding trajectory point, where Vx and V- are the velocities
in the vehicle X- and Y-coordinates, and w is the angular
velocity. The optimization is performed using the LBFGS
[78], resulting in the initial optimized trajectory £, ().

2) Second Optimization: In this stage, the optimization
objectives are to minimize energy, total time, and safety
distance, and to reduce the size of the swept area. Therefore,
the optimization problem is defined as:

mi%l Wg-Jeg+Wg - Jr+Wep - Jop + Wy, -

q,

Jov- (5)

Here, Wg, Wp, Jg, and Jp are the same as those in
the previous stage. W,;, and W, represent the weights for
obstacle safety distance and swept area, respectively, while
Jop and Jg, are their corresponding cost functions. The cost
function J, and its partial derivatives with respect to P;
and Tj, i.e., 0Jop/0T; and 0J,,/0PF;, are calculated using
the Signed Distance Field (SDF) [4]. In the top-down view as
shown in Fig. 3, the vehicle is approximated as a rectangle.
The vehicle coordinate system is defined with its origin
located at the geometry center of the vehicle. The X- and
Y-axes are aligned with the vehicle’s longitudinal and lateral
directions, respectively. For a point Py, = [Xyen, Yoen| in
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Fig. 3: Vehicle Parametric Model

the vehicle coordinate system, its distances to the vehicle’s
boundary, denoted as dx and dy, are given by:

w

dr = |Xveh|_§7 Yy = |Yveh‘_?; (6)

where L and W denote the length and width of the vehicle,

respectively. Therefore, the SDF function fspp(Pyep) is
defined as:

{\/dl‘Q + dy?,

max(dzx, dy),

if dv > 0 and dy > 0,
otherwise.

)

Thus, the gradient of the SDF, V fspr(Pyen), is computed as
follows:

dz-sign(Xven)  dy-sign(Yien) :
( \/dmz—l-dyz ’ \/dm2+dy2) , if dz >0 and dy >0,
(sign(Xven), 0) else if do > dy, (®)
(0, sign(Yeen)) otherwise.

Therefore, when the vehicle is at the j-th control point, the
obstacle Py, = [Xop, Yob|? in the global coordinate system
(with its origin at the first control point) is characterized by
the vehicle’s SDF and gradient as:

fspr(R

Fspr(Pop, j) = () (Pos — T(3)), ©)

V Espr(Pob, j) = R(G)V fsor(R™1(5)(Pon — T(j))), (10)

where R(j) and T(j) represent the rotation matrix and
translation vector of the AMR from the first to the j-th
control point, respectively. The cost function J,, is defined

as follows:
N—1 Ngp
’

Jon (K (1D
=1 k=1

where k represents the obstacle index, and N, represents the
number of obstacles. The cost function J, (k,j) is defined
as follows:

(din — Fspr(Pob(k), 5))?,  if Fspr(Pop(k),
0, otherwise,

]) < dth7

12)



where dy, represents the safety distance threshold. In con-
clusion, the gradients of J,, with respect to P; and T3, i.e.,
0Jo/OP; and 0Jo, /0T, are given by:

Noy

0Jy ;
3Pb = ZVFSDF(Pob(k’]))’ (13)
R
OJop _ OJop OP; _ DJop Vi (14)
i

ar; — ap; 9T; 0P,
For the swept area, ensuring that the shortest side of the
vehicle is always perpendicular to the trajectory, i.e., the long
axis of the vehicle is tangent to the trajectory, can reduce the

swept area. Therefore, the cost function Jg, and its gradients
are given as follows:

Ay; = @; — arctan (Vy’j ) , (15)
Vx.;
Np
Jo =Y (Ag))?, (16)
§=0
Zi; = 20y, (17)
J
8Jsv _VY j
—20p; | 18
E3e ¥ (V)%J +V§,j> ’ (18)
0Jsy Vx j
=20p; [ 19
8Jsv 8Jsv 8Jsv aJsv
= W Vi Vi 20
o, oy T ax, gy, Ve GO

where w; represents the yaw rate, and Vx ; and Vy ; represent
the velocities of AMR in the X- and Y-directions at the j-
th control point, respectively. The final trajectory ,Cf/[(t) is
obtained by optimizing using the LMBM [79].

3) Swept Area Estimation: From Equation (7), the SDF
of a point P in space with respect to the vehicle’s trajectory
at time ¢ is given by:

Fspr(P,t) = fsor(R™1 (1) (P — T(1))),

where R(t) and T'(t) represent the vehicle’s rotation matrix
and translation matrix from time O to time t. To compute
the swept-volume SDF of the vehicle along its trajectory, for
each point on the map, we compute its minimum distance
to the vehicle’s swept area by evaluating all vehicle poses
from initial time ¢, to final time ¢,,x. Since for any point,
there exists a unique time instant ¢* at which the minimum
distance occurs, the Armijo line search method [80] can be
employed to find this optimal time ¢*. By substituting ¢* into
Equation (21), we can obtain the minimum distance f,r =
Fspr(P,t*) at a point P.

To calculate the SDF for the swept area, an N x N grid
map is constructed over the region of interest. For each
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Fig. 4: Multi-Axle AMR MPC tracking control.

of the N? grid points, multiple iterations of the Armijo
line search method are required to determine the optimal
time t*. Once t* is obtained, it is then used to calculate
fépp- This process is computationally intensive and time-
consuming. However, using CUDA, we can assign N? threads
to simultaneously compute t* for all grid points, greatly
accelerating the computation.

C. Trajectory Tracking

As shown in Fig. 4, the i-th wheel is located at X,,; €
(=L/2,L/2) along the vehicle’s X-axis, with the left and
right wheels positioned at Y,,; € {—W/2,TW/2} along the
Y-axis. The state vector is chosen as X = [z,y, ¢]’, and the
control vector is u = [V, V,,w]T. The discretized vehicle
control state-space equation can be obtained as:

X(k+1) = AX(k) + Bu(k), (22)
where A is identity matrix, B is a diagonal matrix with
T on its main diagonal. Therefore, based on the recursive
application of Equation (22), the state vector of the vehicle
from time step £ + 1 to k + N, can be obtained and is
expressed as follows:

Y = UX(k) + OU, (23)

where IV, represents the prediction horizon, N, represents
the control horizon, and Y, ¥, U, and O are expressed as
follows:

u(k)
X(k+1) A
u(k+1)
v X(/ﬂ'+2) = 42 U= u(k +2)
T T N IRTAS t
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To ensure that the vehicle follows the expected trajectory Y3,
while maintaining driving stability, the objective function is

defined as:
J=( -Y)"Qq(Y -Y,) + UTRgU,  (24)

where Qo and Rp are weight matrices. By combining
Equation (23) and Equation (24), we obtain:

1
J=2 <2UTHU + gTU> +C, (25)

where C is a constant, and H and g are expressed as follows:
H= GTQQ@ + Rpg,
9=0"Qqo(UX(k) - V).

To ensure the stability of the vehicle, the ranges of U
and AU must be limited, i.e., Upnin < U < Upax, and
AUpin < AU < AUpax. The relationship between U and

AU is defined as follows:
AU = ENNU = Ug—), (26)

And, Ey,, U,_1 are expressed as follows:

Au(k) u(k —1)
Au(k+1) u(k —1)
AU = . B Uk—l - . )
Au(k + N, —1) u(k —1)
Es 0 - 0
Es Bz -~ 0
En.=1. . .
: : 0
Es E; --- Fs

In summary, the path tracking problem has now been trans-
formed into a quadratic programming problem:

1
minJ = —~UTHU + 47U,
U 2

t Umin S U S Umax
St A(]min S AU S AUmax

27

By optimizing the objective function .J, the optimal value
of U under the constraint conditions can be obtained.
Consequently, the vehicle’s optimal control vector upess =
[V, Vy,w]T is determined. Next, the control vector will be
used to calculate the rotational speed and steering angle of
each wheel.
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Fig. 5: Experimental results show the proposed MPC accurately tracks the
planned trajectory while minimizing robot travel in LiDAR blind spots.
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As shown in Fig. 3, in the vehicle coordinate system, the
rotational velocity w of the vehicle can be decomposed to
the X-axis and Y-axis are represented as Vi, and Vi,
respectively. Therefore, the resultant velocity of the wheel
V, = [Viz, Viy]" can be expressed as:

} _ {vmuvm] _ {1 0 YW} Ve

S v
{ Vot Vo) 1001 X V0] @Y

V=1

Therefore, the final steering angles ~; and the linear speed
V; of each wheel group are expressed as follows:

Viy )
Vie )’
(Viz)? + (Viy)2.
By combining Equations (28), (29), and (30), the vehicle’s
point mass control vector upe can be transformed into the

linear speed Vi and steering angle ; for each wheel group,
thereby controlling the vehicle to follow the target trajectory.

7; = arctan ( 29)

Vi= (30)

IV. EXPERIMENT
A. System Setup

This work is designed for multi-axle swerve-drive AMRs
in future logistics. However, due to hardware limitations,
we rely on simulations to verify performance. As shown in
Fig. 5, a street map is set up in Gazebo, where a pedestrian
is standing at a crosswalk, preparing to cross the road. A
5-axle Swerve-Drive Vehicle, approximately 8.1m long and
2.7m wide, equipped with a LiDAR sensor in front, is making
a left turn at the intersection. The objective is to plan a path
that minimizes the S while keeping the Swept area away
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Fig. 7: Experiment Result, Proposed solution offers minimal swept volume compared to another baseline model.

TABLE I: Comparison of Metrics for Different Methods

Method Sexcess (mQ) t(s) ey (m) ey ()
Classic [1] 82.15 1.50 +1.38 +3.6
SVSDF [5] 75.62 2.5 +0.04 +0.04
Hierarchical [65] 48.37 1.38 +0.13 +0.12
Proposed 23.14 1.17 +0.04 +0.03

Classic [1] and Hierarchical [65] are designed solely for tracking the
trajectory generated by our proposed multi-axle AMR planner. SVSDF [5]
only has planning, and control is done using our proposed MPC .
from obstacles to ensure pedestrian safety. The path is tracked
using an MPC controller. All the experiments are done on a

Gen 13 i7 Notebook PC with Nvidia 4060 GPU.

B. Evaluation Metric

The evaluation metric for our work is listed as follows:

o Excess Swept Area Sexcess: The additional volume
covered by the vehicle beyond the minimal swept area,
defined as the difference between the actual and minimal
swept area, as illustrated in Fig. 1.

o Planning Time ¢: Quick trajectory generation is vital
for real-time applications.

o Tracking Error ¢,, e,: Accurate tracking ensures safe
and efficient path execution.

C. Result and Discussion

Table I and Fig. 6 present a comparison of various
methods based on selected evaluation metrics. The Classic
method refers to the trajectory tracking approach proposed
by [1], where we set the model to allow only the front
wheels to steer, simulating a traditional truck. The Hierar-
chical method is based on the trajectory tracking approach
from [65]. The SVSDF method corresponds to the trajectory
planning approach from [5], and it is designed to use our
MPC controller to track the generated trajectory. Both the
Classic and Hierarchical methods are designed solely for
tracking the trajectory generated by our proposed multi-axle
AMR planner. For the Hierarchical and SVSDF methods, we
use a Multi-Axle Swerve-Drive AMR model, where all-wheel
groups are steerable.

The proposed method achieves the smallest Sexcess, mea-
suring 23.14 m?2, which is the minimal excessive swept
area by the vehicle. This is crucial for avoiding obstacles

and ensuring pedestrian safety. Although the Classic and
Hierarchical methods track the trajectory generated by our
proposed approach, their poor tracking performance results in
a significantly larger Seyxcess making them much less effective
compared to our method. In terms of trajectory planning time,
our method significantly outperforms others, with a reduced
planning time of 1.17 seconds. The Classic and Hierarchical
methods are designed to use the trajectory generated by our
proposed approach, which results in similarly fast trajectory
generation times. This improvement is critical for real-time
applications where rapid responses to environmental changes
are required.

For trajectory tracking performance, our approach main-
tains the lateral tracking error, e,, within £0.04 m and the
heading angle error, e,, within +0.03°. Compared to the
Hierarchical method, our approach demonstrates substan-
tial improvements in both precision and reliability, thereby
enhancing the safety and maneuverability of the vehicle.
Since the SVSDF method is designed to use our proposed
tracking method, it achieves similar accuracy in tracking error
performance.

We conducted a comparative analysis with different AMR
models, as shown in Fig. 7. The proposed methods achieve
minimal swept areas and accurate trajectory tracking without
collisions, providing significant improvements for modern
AMRs. While SVSDF reduces collision risk, its swept vol-
ume is still suboptimal. The classical truck control method
performed the worst, with the largest swept area and fre-
quent collisions, as commonly reported in industrial settings
and news sources. This highlights the effectiveness of our
approach in minimizing swept volume and enhancing safety.

V. CONCLUSION

This paper presented a unified approach combining swept
volume-aware path planning with MPC to optimize trajec-
tories and independently control each wheel of multi-axle
AMRs for precise maneuvering in constrained environments.
By calculating wheel group steering angles from velocity vec-
tors, we simplify the vehicle model and enhance MPC con-
trol. Simulations show reduced swept volume and improved
real-time trajectory tracking using CUDA, supporting reliable
and efficient autonomous heavy-duty AMR applications.
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